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Abstract

This paper presents results from a Swinburne Astronomy On-line project in which the numerical and
physical stahility of solar system dynamics models were investigated. This paper will begin by reviewing
Newton's Laws of Motion and Universal Gravitation, numerical integration, and then investigate issues
leading to numerical and physical stability of planetary systems.

The Laws of Motion and Universal Gravitation

Sir Isaac Newton formulated the Laws of Motion and the Law of Universal Gravitation, which can be stated
as follows [Kaufmann and Freedman, pp 88-91]:

First Law of Motion- An object at rest remains at rest and an object in motion remains in motion unless
acted upon by a net outside force.

Second Law of Motion- The force necessary to accelerate an object of a given mass is equal to the product
of mass and the accel eration.

The Universal Law of Gravitation- The gravitational force between two bodies is inversely proportion to
the square of the distance between them. More formally, the Universal Law of Gravitation is given by:

_ Gmm,

r2

F [Equ 1]

where:
F = magnitude of gravitational force acting between two objects

my = mass of object 1
m, = mass of object 2
r = distance between object 1 and 2

Newton's Second Law can be used to determine the planet's motion. Assuming a two-body problem, such
that the only force acting on a planet is due to the gravitational influence of the Sun, this becomes:

v
d2¥

\
F =my =m2—2
dt

[Equ 2]

where:

= gravitational force acting in the direction of the sun
accel eration vector

F
v
a
v .
r = vector from the sun to the planet at position (X, )
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As shown in Figure 1, the gravitational forces acting on object 1 and 2 are of equivalent magnitude but
opposite direction along a line connecting their centres.

The force vector, IE is calculated by multiplying a unit vector pointing in the direction of the Sun by the
magnitude of the gravitational force from Equation 1:

Vv
F=—-——F [Equ 3]

Consequently, the acceleration vector, a, is given by:

2V
y_ d? asr __ Gmlv (Equ4]

dt? |\1

Integrating Equations 5 determines the planet's velocity, equivalent to the first derivative of position.
Integrating again determines the planet's position.

Rewritten as a pair of scalar equations, Equation 5 becomes:

Gml

a =———X [Equ 5]
X2 +y?
Gm
ay =—2—12y [Equ 6]
Xc+y

where:
a, = acceleration in the x direction
ay = accelerationinthey direction

The equations can easily be extended to an N-body system that models the gravitational interaction of many
objects. To do this, the net force acting on each body must be calculated by taking the sum of the
gravitational forces acting between that object and every other object in the simulation. In an N-body
system, the net force action on object j is therefore given by:

EIGm mk
i~ j [Equ7]

k §r1k| +£

Fj k = vector from object k to |
€ = small value preventing divide by zero errors

T<

where:

FJ- from Equation 9 replaces |E in Equations 2 and 3 and the derivation proceeds as before.
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FIGURE 1. The gravitational force exerted on object 1 (yellow) due to the
gravitational influence of object 2 (blue) is equal in magnitude to the force acting on
object 2, but in an opposite direction along the line between them. Figure adapted
from Maddison (2001).
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FIGURE 2. A planet (blue) sweeps out an ellipse, with the sun (yellow) at one
focus, and with the other focus empty. Adapted from Muuay and Dermott (1999).
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FIGURE 3. A linear approximation to change in position resultsin an error of
d= when the time step is too large.
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Numerical Integration
Assuming successive positions involve a small change in time, At, acceleration and velocity may be
approximated as:

v v
d2' v AV
— —ax=— [Equ 8]
dt L
V \
dr v Ar
4 " [Equ 9]
Fromthis, it is easy to show that
\\;i 1= \\;i + éiAt [Equ 10]
fi41= T + VAL [Equ 11]

Kepler's Second Law states that a planet sweeps out equal area in equa time (Kaufmann and Freedman,
1999) as it orbits the Sun along an elliptical path. By understanding the ellipse geometry, shown in Figure 2,
it becomes possible to specify the initial values of the velocity and position vectors.

Specifically, it can be shown that the planet position is given by (Murray and Dermott, 1999, p28):

= Equ 12
1l+ecosH [Equ 12]
X =rcos9 [Equ 13]
y =rsin® [Equ 14]

where:
a = ellipse semi - mgjor axis

e= eccentricity

Eccentricity is a value between 0 and 1 and relates the semi-magjor and semi-minor axes, and is given by

(Gould and Tobochnik, 1988, p56):
b2
e=,1-— [Equ 15]
&

a= semi- major axis
b = semi - minor axis

where

As the size of the semi-minor axis approaches the size of the semi minor axis, the ellipse becomes a perfect
circle and has an eccentricity of 0.0.
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As the size of the semi-minor axis becomes smaller and smaller, approaching 0.0, the ellipse becomes more
pancake shaped and the eccentricity approaches 1.0.

It can also be shown that the x and y components of the velocity vector are given by  (Murray and Dermott,
1999, p. 31):

a )
Vy =— sin@ [Equ 16]
1-¢e2
a
vy =+ (e +cos 9) [Equ 17]
2
1-e
for
21T
n=— Equ 18
= [Equ 18]
417
T= |—/— & [Equ 19]
G(ml + m2)
where

T = period of orbit

Together, Equations 12 through 14and 16 through 18 determine the initial values of the position and velocity
Vectors, necessary to commence numerical integration.

Numerical and Physical Stability

Figure 3 demonstrates the importance of selecting a suitable value for At. If At is too large, then the velocity
and position will be over or under estimated, resulting in an error in distance of |ds| between the true point,
P,a and the computed point FII +1-

All numerical integrators are sensitive to appropriate choices for At. Inappropriately large values will result
in a solution with poor accuracy. If not corrected, the solution can become increasingly inaccurate over time.
In such a situation, simulated planets often exhibit wildly erratic motion bearing no resemblance to the
physical system being modelled. Such asimulation is said to be numerically unstable.

The researcher must be able to distinguish between a numerically unstable solution, and a physicaly
unstable system.

A physically unstable system refers to a planetary system that cannot be sustained over time due to the
gravitational interaction of objects contained within the system itself. A physicaly unstable system, for
example, might result in objects being gected from the system, or in catastrophic collisions that result in the
demise of objects as identifiable and distinguishable entities.
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M ethodology

This project analysed the causes of numerical and physical instability and the sensitivity of results to the
simulation parameters At, a, e, and mass.

The Swinburne Solar Systems Dynamics Program was used to study N-Body dynamics. A Java applet was
written to study basic two-body problems, and is shown in Figure 4. This program was able to export data to
an excel spreadsheet for further analysis, including plots of total energy, kinetic energy, and gravitational
potential energy over time. This analysis is described further below. A two-body integrator was also built
into an excel spreadsheet, which enabled the error associated with various time steps and simulation
parameters to be investigated..

In the excel version of the two-body integrator, users enter ssimulation parameters in spreadsheet cells, as
shown in Figure 5. The spreadsheet automatically generates a scatter plot showing planetary positions for
1000 iterations of the integrator. Line plots of position, velocity, energy, and the percentage distance error
are also displayed for analysis purposes.

In such an analysis, total system energy should be conserved, defined as the sum of kinetic and gravitational
potential (Gould and Tobochnik, 1988):

== m2|"| G_m%% [Equ 20]

E== m2§/ % _Gmima_ [Equ 21]

\/x +y

In a numerically stable simulation, if total system energy is conserved, then E should remain constant
throughout the simulation. If E does not remain constant throughout the simulation, then the modeller can
assume that the integrator produced an incorrect solution, perhaps due to an inappropriate choice of At.

or

The spreadsheet also calculates the percentage position error for the two-body problem, using |Ei£| and R ads
depicted in Figure 3. Because the spreadsheet automatically plots the percentage position error versus
iteration number, the effect on simulation accuracy for various sizes of At can be evaluated.

\'
The spreadsheet begins by computing the angle 6,., for the planet ;4
-1Yi+1

g =tan [Equ 22]
Xj+1
d g xsz0andy.g20
0. :H"‘q ; Xj+1 <0andyj;; 20 (Equ 23]
i ETHQ ; Xi+1 <O0andyjyy <0
[2m-q ;X1 20andyjs1 <0
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\' \'
Given 6,,,, Equations 12 through 14 can be used to compute the x, and y, components of Iy, where I is
defined to be the expected position of a planet with angle 6,.,.

It would be preferable to use an analytical approach to determine the true position of the planet at a given
time, rather than at a given angle. However, given a numerical approach to integration, the definition used
here is a reasonable compromise in the context of a two-body problem and in the absence of gravitational
perturbations from other bodies.

v
Given the definition of I, the distance error is therefore:

v \

Vv
de = fsg— T [Equ 24]

\'
The percentage distance error € is then computed as a percentage of I';:

v

d€|
Vv
id

Using this methodology, the spreadsheet enables the user to plot the percentage distance error for any
arbitrary combination of At, a e, and mass, and alows the effect of changes to these parameters to be
anaysed quantitatively. It is only valid for two-body problems in which other bodies are not responsible for
gravitational perturbations from the true position. However, it becomes possible to generaise results
obtained in this way to other N-body scenarios.

€= x100% [Equ 25]

Results

Hypothetical Planet in an Eccentric Orbit

The Java Solar System Dynamics Applet was used to simulate the orbit of a hypothetical planet with
attributes shown in Table 1. The planet parameters placed it in a relatively eccentric orbit about a star
identical to the sun.

In simulations that used a step size in which At was equal to 1 day, the planet was seen to be numerically
stable. When the step size was increased such that At was equal to 30 days, the system was clearly seen to be
unstable.

In the stable case, the planet was seen to sweep out equal areas in equal time as expected. This is shown in
Figure 6.

Data from the appl et was exported to Microsoft Excel for further analysis.

The top portion of Figure 7 shows a scatter plot for the numerically stable simulation in which At was equal
to 1 day. The planet is seen to sweep out the same path during successive orbits.
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FIGURE 6.  The solar system dynamics applet was validated by verifying that it conformed to known
laws, including Kepler's 2nd Law which states that a planet follows an dliptical orbit and sweeps out equal
Sizeareasin equal time.

Planet Mass (Earth M ass) a(AU) e (eccentricity)

Planet X 12 5 04

TABLE 1. Attributes of a hypothetical planet in an eccentric orbit around a star identical to the sun.
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FIGURE 7. Position of hypothetical planet during a stable Euler integration (top) and unstable (bottom).
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FIGURE 8. The period in the numerically stable solution (top) is relatively constant, whereas the period in
the unstable solution (bottom) changes dramatically indicating errors in the velocity estimate.
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FIGURE 9. Plot showing kinetic (red) and gravitational potential (green) energy contribution to overall

energy (blue) isanumerically stable simulation (top) and an unstable simulation (bottom).
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The bottom portion of Figure 7 shows a scatter plot displaying successive orbits of the same planet, but
integrated using the larger step size. It is clearly unstable and fails to sweep out the same path during
successive orbits. In the unstable simulation, the planet is seen to go to smaller values in both the x and y
directions. This suggests that there have been significant errors in the velocity estimate, and is indicative of
astep size that istoo large.

The applet watches for planet transitions from the lower right to the upper right quadrant for the purposes of
determining the number of iterations per orbit, from which the period can be calculated. Initialy, the period
is computed using Equation 19, which is related to the Kepler's 3¢ Law. This law states that the period
squared is proportional to the cube of the semi-major axis. When the planet makes quadrant transition
indicating that it has made one complete orbit, the integrator begins counting iterations. At the next
complete orbit, and for al future orbits, this count is restarted and the period is updated. The calculated
period is shown for the numerically stable and unstable simulations in Figure 8.

The top portion of Figure 8 shows the period calculation for the stable simulation. The period is seen to be
relatively constant, which suggests that velocity estimates for each iteration have been appropriate.

The bottom portion of Figure 8 shows the period for the unstable simulation using the larger step size.
Dramatic period changes suggest that the velocity estimates have not been appropriate during the simulation.

To further make this point, energy is plotted in Figure 9, with kinetic energy shown in red, gravitational
potential energy shown in green, and the total system energy shown in blue.

Energy for the numerically stable simulation is shown in the top portion of Figure 9. The total system energy
remains constant throughout the simulation. This indicates that the total system energy is conserved in the
numerically stable case, as expected.

Energy for the numerically unstable simulation is shown in the bottom portion of Figure 9. The total system
energy is not constant, indicating that energy has not been conserved. This is a further indication that the
larger step size has led to a numerically unstable solution.

In particular, the maximum value for kinetic energy (red) is dightly larger in the numerically unstable case
(bottom). The maximum value occurs at perihelion; a point in the orbit when the planet is at its closest
approach to the sun and when its velocity is largest and rapidly changing direction as a consequence of
Kepler's 2™ law. The kinetic energy curves indicate that this is indeed the case for both simulations as both
exhibit maximum kinetic energy at this point.

However, the maximum Kkinetic energy in the unstable case exceeds that of the numerically stable case. That
is, in the unstable case the planet is moving faster than it should be at this critical point in its orbit.

Errors related to Eccentricity and Time Steps of Different Step Sizes.

A Microsoft Excel spreadsheet was used to measure the percentage distance error using the Equations 22
through 25 for various eccentricities and step sizes. Results are displayed in Figures 10 through 18 and are
summarised in Table 2.
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FIGURE 10. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.0, mass = 0.055 Earth masses and At=0.1 days
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FIGURE 11. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.0, mass=0.055 Earth masses and At=1.0 days
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FIGURE 12. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.0, mass-0.055 Earth masses and At=10 days. Only the first 100 of 1000 iterations are shown in the line
plot on the right
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FIGURE 13. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.3, mass = 0.055 Earth masses and At=0.1 days

6.00%

5.00% f\

- f”\/ I
il

D

Y (AL)

percentage distance error

X (AU) 1 101 201 301 401 501 601 701 801 S01
iteration

FIGURE 14. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.3, mass = 0.055 Earth masses and At=1.0 days

FIGURE 15. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.3, mass = 0.055 Earth masses and At=10.0 days.
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FIGURE 16. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.6, mass = 0.055 Earth masses and At=0.1 days

FIGURE 17. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.6, mass = 0.055 Earth masses and At=1.0 days

FIGURE 18. Planet position (left) and percentage distance error (right) for asimulation with a=0.5 AU,
€=0.6, mass = 0.055 Earth masses and At=10.0 days
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Eccentricity Percentage Distance Error €

At =0.1days At =1.0days At =10.0days
e=0.0 0.24% 2.55% 37.06%
e=0.3 0.49% 5.31% 1287.7%
e=0.6 1.48% 18.7% 123189.98%

Table 2. The percentage distance error for a perfect circle and an ellipse with eccentricity 0.3. In both cases,
a=0.5 AU and mass = 0.055 Earth Masses.

In all cases, simulations ran for 1000 iterations. Although this was insufficient to complete an entire orbit for
some simulations with small time steps, it appeared to be adequate to characterise the error trends for the
parameters tested.

As expected, the percentage distance error increased with At and with increasing eccentricity.

To validate the accuracy of the methodology, note the scatter plot in Figure 12. The maximum percentage
distance error for a=0.5, e=0.0, and mass = 0.055 Earth masses is calculated to be 37.06%. By visually
inspecting the plot, it can be seen that the outer edge of the scatter plot point ring is around 0.2 AU from the
expected position at 0.5 AU. Since 0.2 AU is roughly 40% of 0.5 AU, the caculated distance error is
consistent with that observed through avisual inspection of the scatter plot.

In Figure 18, only two points are on the scatter plot, which shows all points within 1.0 AU of the origin. All
other points are outside of this range. The maximum error is reported as 123189.98%, although this is a
meaningless result since the simulated planet is obviously not in orbit about the star. However, it is a good
indicator that the time step istoo large, resulting in significant error.

Circular and elliptical orbits tested exhibited position errors commensurate with the step size. However, it
was clear that planets orbiting in elliptical paths required significantly smaller step sizes to achieve
reasonable accuracy than did planets in otherwise equivaent circular orbits.

Simulating the Orbit of Mercury

The orbit of Mercury was simulated using the Solar System Dynamics Applet, the Swinburne University of
Technology Solar System Dynamics program, and the Microsoft excel spreadsheet integrator.

Mercury presents special problems to the modeller, given its close proximity to the Sun, with a semi-major
axis of 0.37 AU, and in an orbit with an eccentricity of 0.206, the second highest in the Sun's family of
planets. Consequently, it isessential that the integrator uses the smallest step size that is practical.

Even so, the simulated Mercury was seen to wobble in its orbit. The wobble was apparent using the
Swinburne system, even using though it uses a superior predictor-corrector integrator. Figure 19 shows a
screenshot of the Solar System Dynamics Applet, zoomed in to the orbit of Jupiter (yellow), using a
relatively large step size of 10 days. The orbits of Venus (white), Earth (blue) and Mars (red) are also
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shown. Mercury (grey) is seen to sweep out an erratic orbit and is ultimately gected from the simulated
solar system.

Data from the Solar System Dynamics Applet was exported to Microsoft Excel for further analysis. Figure
20 shows a scatter plot of Mercury's position over the course of the simulation. With a relatively large step
size of 10 days, or 11% of its 87.97-day orbital period, the simulation is clearly numerically unstable.

Simulated Mercury's erratic path and speed is further apparent in line plots of position and velocity, shown in
Figures 21 and 22, respectively.

Kinetic energy (red), gravitational potential energy (green), and total Energy for the Sun-Mercury system
(blue) are plotted in Figure 23. The total energy is clearly not constant and hence energy is not conserved.
Note that kinetic energy is a function of velocity, so this result is not surprising given the velocity curvesin
Figure 22.

The applet counts the number of iterations per orbit, commencing with transitions from the lower right to the
upper right quadrant. This is used to calculate the simulated orbital period, which is shown in Figure 24.
There are two spikes in the orbital period curve. These correspond to the two large lobes seen in the orbital
path evident in Figures 19 and 20. Because this is a two-body simulation, Mercury's motion is only
influenced by the Sun. Consequently, the orbital period should remain constant in a numericaly stable
simulation. Clearly, thisis not the case.

Using a smaller step size with At=1.0 day, the orbit is far less erratic, as shown in Figure 25. On successive
iterations, however, Mercury (grey) sweeps out a wide path on either side of the idea ellipse (a=0.387 AU,
e-0.206, m=0.055 Earth masses), which is shown as athin red curve in the figure.

This same simulation was also conducted using the Swinburne Solar Systems Dynamics program. This
produced a similar result, which is shown in the top portion of Figure 26. Even with the superior predictor-
corrector integrator used by the Swinburne program, Mercury does not sweep out identical paths on
successive orhits.

However, if the simulation is repeated using a circular orbital path (a=0.387, e=0.0, m=0.055 Earth masses),
Mercury does sweep out the same path on successive orbits, as shown in the bottom portion of Figure 26.

It is important to note that eccentricity, by itself, is not solely responsible for the integration artefact seen in
Figure 25 and the top portion of Figure 26.

Consider Figure 27, which shows Mercury in red (a=0.387 AU, e=0.206, m=0.055 Earth masses). A second
hypothetical planet is also shown in green. The hypothetical planet is identical to Mercury, except that it has
a larger semi-major axis (a=1.0 AU, e=0.206, m=0.055 Earth masses). Mercury continues to trace out a
different path on successive orbits, while the hypothetical planet with the same eccentricity sweeps out a
consistent path from orbit to orbit.
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FIGURE 19. A large step size of 10 days results in the path of Mercury becoming unstable and the
simulated planet being ejected from the solar system.

FIGURE 20. Position of Mercury during a numerically unstable simulation, computed in the Java Applet
and exported to an Excel spreadsheet whereit is displayed as a scatter plot.
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FIGURE 21. The X (red) and Y (green) components and magnitude (blue) of the position vector in the
numerically unstable Mercury simulation.

FIGURE 22. The X (red) and Y (green) components and magnitude (blue) of the velocity vector in the
numerically unstable Mercury simulation.
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FIGURE 23. The kinetic (red) and gravitational potential (green) contribution to total system energy is
shown. In this example, energy is not conserved, since the total energy (blue) is clearly not a constant value.

FIGURE 24. Inthe numericaly unstable Mercury simulation, the computed period is seen to speed up and
slow down, also suggesting that the simulation numerically system is unstable.
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FIGURE 25. The orbit of Mercury is less erratic using At=1.0 day, but does not sweep out the same path
from iteration to iteration.
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FIGURE 26. The orbit of Mercury, modelled as an ellipse (e =0.206) (top), and as a perfect circle (e=0.0)
(bottom) using 100000 iterations with a step size computed based on 500 inner orbit steps per period.

FIGURE 27. Mercury (a=0.386 AU, e=0.206, m=0.055 Earth masses) (red) and a hypothetical planet (a=1.0
AU, e=0.206, m=0.055 Earth masses) (green) identical to Mercury except orbiting with a larger semi-major
axis.
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FIGURE 28. Mercury scatter plot using the Excel integrator for 10,000 iterations (top), and the percentage
distance error for iteration number1,000 through 4,000 (bottom).
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To further understand the reason for this integration artefact, the Solar System Dynamics Applet was used in
"clear between draw" mode. This is the default mode. It produces an animation sequence showing updated
planet positionsin successive frames.

Initially, Mercury was seen to have a small error on the inside of the ideal ellipse for the first half of the orbit
when the y component of position was positive. Mercury was seen to have a much larger error on the outside
of theideal ellipse for the second half of the orbit when the y component of position was negative.

Asthe simulation progressed, it appeared that the solution was slowly converging towards the ideal elipse.

However, the solution eventually was seen to diverge. At this point in the simulation, Mercury was now
outside the ideal ellipse for the first half of each orbit, when the y component of position was positive. It was
on the inside of the ideal ellipse for the second half of the orbit when the y component of position was
negative.

This observation is aso apparent in the percentage distance error plot shown in Figure 28. Initially, the plot
corroborates that during the first half of each orbit there is a smaller error than during the second half of each
orbit. It also shows that the solution appears to be converging before finally diverging.

This evidence strongly suggests that the integration artefact is related to incorrect velocity
estimates, particularly in the y direction. This follows because Mercury has a rapid orbit close to
the sun. Since the semi-minor axis is aligned with the y-axis and becomes shorter with increasing
eccentricity, the integrator is particularly sensitive to velocity errors in this dimension. This also
explains why the green planet in Figure 27 does not exhibit the artefact. Even though it has the
same eccentricity as Mercury, it is moving slower because it is further from the sun. Because it is
moving slower, velocity errors are less significant.

Solar System Dynamics

The Swinburne Solar System Dynamics program was used to investigate the stability of solar system and of
comets and their orbitsin our solar system. A stable simulation of our solar system is shown in Figure 29.

A hypothetical comet was also simulated, based on parameters similar to those of Halley's Comet [Kaufmann
and Freedman, 1999, Bestty et al., 1999]. A typica result is shown in Figure 30, in which all orbits appear to
be stable.

Taking care to ensure that Mercury was the first planet specified in the input list so that the program used it
to set the time step, the other planets were placed in a different order in a subsequent simulation. The result is
shown in Figure 31. In this simulation, the comet is clearly not returning aong the expected path.

When comparing figures 30 and 31, take care to note that the scale of the horizontal axis is different in the

two figures. In Figure 31, the horizontal axis has a range from -40 to 10 AU, whereas in Figure 31, the
horizontal axis has arange from -60 to 10 AU.
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--nmax---iout----- nm max- - - - nst ep- - -

9 1 100000 300

--ML/ Mearth----R1/AU----e1------

Mercury 0. 055 0. 387 0. 206
--M2/ Mearth----R2/ AU ---€2------

Venus 0. 815 0.723 0. 007
--M3/ Mearth----R3/ AU ---€3------

Earth 1.000 1.000 0. 017
--M4/ Mearth----R4/ AU----e4------

Mar s 0. 107 1.524 0. 093
--Mb/ Mearth----R5/ AU ---e5------

Jupi ter 317. 83 5. 203 0. 048
--M6/ Mearth----R6/ AU ---€6------

Sat urn 95. 16 9. 554 0. 056
--M// Mearth----R7/ AU----e7------

Ur anus 14. 50 19. 22 0. 046
--MB/ Mearth----R8/ AU----€8------

Nept une 17. 204 30. 11 0. 009
--MB/ Mearth----R9/ AU ---€9------

Pl uto 0. 002 39. 54 0. 249

FIGURE 29. Output from solar system simulation and input file used to generate
it using the Swinburne Solar System Dynamics program.
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--nmax---iout----- nm max- - - - nstep- - -
7 1 100000 500
--ML/ Mearth----R1/ AU----e1------
Mer cury 0. 055 0. 387 0. 206
--M/ Mearth----R2/ AU----e2------
Jupi ter 317.83 5.203 0. 048
--M3/ Mearth----R3/ AU----€3------
Sat ur n 95. 16 9. 554 0. 056
--M4/ Mearth----R4/ AU----e4------
Conet | . 00000000017 17. 94 . 9673
--Mb/ Mearth----R5/ AU ---e5------
Venus . 815 . 723 . 007
--M6/ Mearth----R6/ AU ---€6------
Earth 1 1 017
--M// Mearth----R7/ AU----e7------
Mar s . 107 1.524 . 093
--MB/ Mearth----R8/ AU ---€8------
Unspeci fi ed 0 0 0
--MB/ Mearth----R9/AU----€9------
Unspecified 0 0 0

FIGURE 30. A Halley's-like comet and planets of the solar system.
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Mer cury
Venus

Earth

Mar s

Jupi ter
Saturn
Conet
Unspecified

Unspecified

--nmax---iout----- nnl max- -
7 1 100000
--ML/ Mearth----R1/AU----el
0. 055 0. 387
--M2/ Mearth----R2/ AU- - - - e2
0. 815 0.723
--M3/ Mearth----R3/ AU- - - -e3
1. 000 1. 000
--M4/ Mearth----R4/ AU - - - e4
0. 107 1.524
--Mb/ Mearth----R5/ AU- - --e5
317.83 5. 203
--Mo/ Meart h----R6/ AU- - - - €6
95.16 9. 554
--M7/ Mearth----R7/ AU- - - - e7
. 00000000017 17.94
--MB/ Mearth----R8/ AU- - - - €8
0 0
--MB/ Mearth----R9/ AU- - - - €9
0 0

--nstep---
500

FIGURE 31. Comet trgjectory changes, apparently due to different planetary starting
position based on the order they are specified in theinput file. Care has been taken
to ensure that Mercury is specified first, since this sets the steps size.
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massl| ess Mercury
massl| ess Venus
massl ess Earth
massl ess Mars
massl ess Jupiter
massl ess Sat urn
Conet
Unspecified

Unspecified

--nmax---iout----- nnl max- -
7 1 100000
--ML/ Mearth----R1/AU----el
0 0. 387
--M2/ Mearth----R2/ AU- - - - e2
0 0.723
--M3/ Mearth----R3/ AU- - --e3
0 1. 000
--M4/ Mearth----R4/ AU-- - - e4
0 1.524
--Mb/ Mearth----R5/ AU----e5
0 5. 203
--Mo/ Meart h----R6/ AU- - - - €6
0 9. 554
--M7/ Mearth----R7/ AU- - - - e7
. 00000000017 17.94
--MB/ Mearth----R8/ AU- - - - €8
0 0
--MB/ Mearth----R9/ AU - - - €9
0 0

--nstep---
500

FIGURE 32. Planets have zero mass, and are specified in the same order as
Figure 31, but output isidentical to Figure 30.
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Varying the order of the planets in the input file changes the starting position of the planet. Even numbered
planets begin their journey at perihelion, whereas odd number planets begin at aphelion. It is reasonable to
conclude that the change in results observed between Figure 30 and 31 is due to different planetary starting
positions and the gravitational influence of one or more planets on the comet.

To confirm this, al planet masses were set to zero, but the planets were specified in the same order as in
Figure 31. Only the comet and the Sun retained their mass.

The result is shown in Figure 32. It was seen to be identical to the simulation for Figure 30. Since Planet
staring positions in Figure 31 and 32 were identical, it follows that starting position of planets in Figure 31
led to agravitational influence that altered the comet's path.

Unfortunately, it was not possible to comment on the long-term stability of the comet since 100,000
iterations is only adequate to complete slightly more than one complete orbit. If the simulation in Figure 30
could be made to run for additional iterations, it is likely that the comet path would aso be altered during
subsequent orbits.

70 VIRGINIS- High Mass Extrasolar planet in a Close Eccentric Orbit

With the exception of Mercury and Pluto, the latter of which may be a captured object, planets of our solar
system orbit the Sun in nearly circular orbitsin the ecliptic plane.

70 Virginis, in contrast, is known to have a massive planetary companion in a close eccentric orbit [Marcy
and Butler, 199]. The planet is thought to be 7.42 Jupiter masses, with e=0.4, and with a semi-major axis of
0.482 AU [HREF 2]. It isin orbit about 70 Virginis, a G type star of 1.1 solar masses [HREF-3]. A scaled
simulation of this system is shown in Figure 33.

At present, the technique to detect extrasolar planets is only sensitive to the most massive of planets.
Consequently, it is not known if there are additional planetsin the 70 Virginis system.

But if other less massive planets exist in the 70 Virginis system, would it be possible to predict where they
might be found relative to the star and the massive planet? More to the point, where couldn't they exist?
Severa investigations were conduced to study these questions.

In Figure 34, two hypothetical companions are added to the 70 Virginis system.

An additional planet was included to control the time step, but it does not influence the other planets
gravitationally since it has a mass of zero. The control planet is shown in black, and was included so that the
orbital characteristics of the green planet could be changed in subsequent simulations without altering the
time step.

A hypothetical planet (blue) is included which has a semi-major axis half that of the known massive planet

(red). An additional hypothetical planet (green) is included that has a semi-major axis twice that of the
known massive planet.
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Planet Mass (Earth M ass) a(AU) e (eccentricity)
Planet 2 (red) 2604.6 0.482 0.400

FIGURE 33. Known extrasolar planet (red) in aclose eliptical orbit about 70 Virginis (black), using 1000
iterations with the step size computed based on 500 inner orbit steps per period.

Table 3. The forces acting on Planet 1 and 2 due to each other and due to the star. Force units are
Newtons. Other units are as shown.
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0.0

1.0

2604. 6

1.0

0

0

0

0

0

-- M/ Meart h-

--M3/ Mearth----

-- M4/ Meart h----

--Mb/ Mearth----

--M6/ Mearth----

-- M7/ Mearth----

--MB/ Mearth----

--MB/ Mearth----

----- nm max- - - - nst ep
1 38000 500
---RU/AU----el------
0.1 0.0
---R2/AU----e2------
0. 241 0.0
R3/ AU----€3------

0. 482 0.4
R4/ AU-- - -e4------
0.964 0.017
R5/ AU- - - -e5------

0 0

R6/ AU- - - - €6------

0 0

R7/ AU----e7------

0 0

R8/ AU----€8------

0 0

R/ AU----€9------

0 0

FIGURE 34. Orbit of inner hypothetical planet is disrupted through gravitational
interaction with massive giant and is eventually gjected from the system.

FIGURE 35. Stability of the blue planet is improved by reducing the size of the

0.0

1.0

2604. 6

1

0

0

0

0

0

--M2/ Mearth----

--M3/ Mearth----

-- M4/ Meart h----

--Mb/ Mearth----

--M6/ Mearth----

-- M7/ Mearth----

--MB/ Mearth----

--MB/ Mearth----

----- nnm max- - - -
100000
--Rl/AU----e1
0.1
R2/ AU - - - e2
0.18

R3/ AU- - - - e3
0. 482

R4/ AU - - - e4
0. 964

R5/ AU- - - - e5
0

R6/ AU- - - - e6
0

R7/ AU - - - 7
0

R8/ AU- - - - e8
0

RO/ AU- - - - €9
0

semi-major axis, thereby increasing the perihelion separation with the red planet.
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--nmax---iout----- nm nmex- - - - nst ep- - -

4 1 38000 500

--ML/ Mearth----RL/AU----el------
0.0 0.1 0.0

--M2/ Mearth----R2/AU----€2------
1.0 0. 241 0.0
--MB/Mearth----R3/AU----€3------
2604. 6 0. 482 0.0
--M4/ Mearth----R4/ AU----e4------
1.0 0. 964 0.017

--Mb/ Mearth----R5/AU----e5------
0 0 0

--M6/ Mearth----R6/AU----€6------
0 0 0

--M7/ Mearth----R7/ AU----e7------
0 0 0

--MB/ Mearth----R8/AU----€8------
0 0 0

--MB/ Mearth----R9/AU----€9------
0 0 0

--nmax---iout----- nm max- - - - nst ep- - -

4 1 38000 500

--ML/ Mearth----Rl/AU----el------
0.0 0.1 0.0

--M2/ Mearth----R2/AU----€2------
1.0 0.241 0.4

--MB/Mearth----R3/AU----€3------
2604. 6 0. 482 0.4

--M4/ Mearth----R4/ AU----e4------
1.0 0. 964 0.017

--Mb/ Mearth----R5/AU----e5------
0 0 0

--M6/ Mearth----R6/AU----€6------
0 0 0

--M7/ Mearth----R7/ AU----e7------
0 0 0

--MB/ Mearth----R8/AU----€8------
0 0 0

--MB/ Mearth----R9/AU----€9------
0 0 0

FIGURE 36. Alternative configurations that improve the stability of the blue planet.
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Bath the hypothetical planets are of Earth mass, and are meant to orbit the star in circular or nearly circular
orbits. As seen in Figure 34, the orbit of the blue planet is significantly disrupted and it is eventually gected
from the system.

The green planet does not follow the same path from orbit to orbit, and was always seen to orbit somewhere
inside a wide band about the intended path.

To understand the reason, consider the forces acting on the blue and red planets at perihelion and aphelion,
the point of closest and furthest approach to the star and to each other, assuming semi-major axes are aligned
along the x axis.

Using Equations 12, 13, and 14 with 8=0 for perihelion and 8=t for aphelion, planet perihelion and aphelion
stances can be calculated. Using these distances, Equation 1 can be used to calculate the forces acting on
each planet due to the gravitational interaction with the star, and the forces due to mutual attraction of the
planets when both are at aphelion or at perihelion. Results of this calculation are shown in Table 3.

The force acting on the blue planet due to the star is the same at both perihelion and aphelion since the planet
has eccentricity e=0.0. The force acting on the blue planet due to the gravitational influence of the star is
6.10E+23 Newtons The force due to the mutual gravitational interaction of the blue planet and the massive
red planet is 1.52E+25 Newtons at perihelion and 1.88E+23 Newtons at aphelion. The significance of this
calculation is that near perihelion, the force acting on the blue planet due to the gravitational influence of the
massive red planet is several orders of magnitude greater than the force due to the gravitationa influence of
the star. Consequently, it is not surprising that the orbit of the blue planet is disrupted from its initial
configuration. Eventually, the planet is gjected from the solar system all together.

Recall that the force acting on a planet due to the gravitational influence of another object is inversely
proportional to the square of the distance between them.

Conseguently, one obvious parameter change that makes the blue planet stable is to reduce the size of its
semi-major axis such that the red-planet is not the predominate force during a major portion of the blue
planet's orbit. That is, the system can be made stable by moving the blue planet out of the danger zone by
increasing its separation with the red planet at all pointsin its orbit.

This is shown in Figure 35, in which the semi-mgjor axis of the blue planet has been reduced to 0.18
astronomical units. Note that this position is just over half Mercury's perihelion distance, and hence is
extremely close to the central star. An inhospitable place indeed! However, the planet becomes physicaly
stable with respect to the system dynamics, athough it does sweep out a varying path on either side of the
expected path.

Other parameter choices that stabilise the system that may not be as obvious. Increasing the eccentricity has
the effect of decreasing the perihelion distance while also increasing the aphelion distance. Decreasing the

eccentricity has the opposite effect; perihelion distance is increased and perihelion distance is decreased.

Conseguently, one way to increase the separation between the red and the blue planet is to decrease the red
planet's eccentricity. In the top portion of Figure 36, the red planet's eccentricity has been changed to 0.0,
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making it a perfect circle. The simulation becomes remarkably stable. Both the blue planet and the green
planet trace out orbits along the expected path.

Ancther aternative is shown in the bottom portion of Figure 36, in which the eccentricity of the blue planet
is increased. This increases the perihelion separation with the red planet. This decreases the aphelion
separation with the red planet, but it is sufficiently distant that it does not have a significant impact on the
blue planet's orbit. The green planet continues to orbit in wide area about the ideal orbit, but remains a
persistent feature of the system.

Earth Destroyed!

The planet in orbit about 70 Virginisis massive. What would happen to our own solar system if it possessed
aplanet of such immense stature?

In the simulation shown in Figure 37, Mars (cyan) is replaced with a hypothetical planet 2604 Earth masses
in size. The system is clearly unstable. The Earth is pulled out of its orbit, crosses that of Venus (green) and
approaches Mercury (red). Eventually, the Earth is yanked to the orbit of Mars, where it collides with the
behemoth planet and is destroyed.

The system is clearly unstable, but the figure also demonstrates another artefact of the numerical algorithm
that was used to generate it: gravitational softening.

Equation 9 shows how forces are calculated for the N-Body system. In the denominator, € is add to the cube
of the distance when calculating force to protect against divide by zero errors in the event that two planets
occupy the same location. This is something that can't happen in the real universe, and would lead to a
program fault in the virtual universeif allowed.

When two planets attempt to occupy the same location in the virtual universe, a small force is generated even
though the distance between them is zero. Consequently, they overshoot each other somewhat before again
being pulled towards each other. The effect is that the two colliding planets exhibit a damped oscillation
about the collision point, as seen in the figure.

This is not to say that the figure or the simulation is flawed as a consequence of this numerical artefact; far
from it. The figure is successful in demonstrating that the system is physically unstable and that the planets
have experienced a collision event.

Conclusions

This paper has demonstrated that there are two factors that must be considered when undertaking a numerical
simulation of planetary systems.

The first consideration is numerical instability. A numerically unstable solution is unstable in the virtual
universe only. A numerically unstable solution says nothing about the stability of such a system in the real
universe. Conseguently, it is essential that the modeller develop the tools and expertise to recognise it when
it occurs. As has been shown, verifying that system energy is conserved is one method that can be used to
recognize instability.
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--nmax---iout----- nm max- -
4 1 100000
--ML/ Mearth----R1l/AU----¢el
0. 055 0. 387
--M2/ Mearth----R2/ AU - - -e2
0. 815 0.723
--M3/ Mearth----R3/ AU ---e3
1. 000 1. 000
--M4/ Mearth----R4/ AU----e4
2604 1.524
--Mb/ Meart h----R5/ AU - - - e5
0 0
--M6/ Meart h----R6/ AU - - - €6
0 0
--M7// Meart h----R7/ AU- - - - e7
0 0
--MB/ Meart h----R8/ AU - - - €8
0 0
--MB/ Meart h----R9/ AU - - - €9
0 0

--nstep
500

0.017

FIGURE 37. The Earth isdestroyed if its neighbour, Mars, was a planet of the stature of that known to be

orbiting around 70 Virginis.
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Generally, numerical instability isintroduced when the integrator uses an inappropriate time step. Planetsin
highly eccentric orbits are particularly susceptible, especially those with short periods and moving at high
velocity.

The second consideration is physical instability. As has been shown, in the absence of numerical instahility,
solar system dynamics can be used to model collision and gection events, and help theorists to understand
what attributes lead to a sustainable system.

The mass and the distance between objects determine the forces that accelerate an object through space, As
has been shown, changing the orbit eccentricity aters the perihelion and aphelion distances, thereby
bracketing the minimum and maximum separation distances with other planets. Since force is inversely
proportional to the square of the separation distance, these parameters ultimately influence system stahility.

Finally, numerical modelling enables the research to conduct otherwise impossible virtual experiments, and
in doing so, to contemplate the grandeur of the physical universe.
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Errata

This version of the project report is not identical to that submitted for assessment. This version corrects minor errorsin
equations 5 and 6, and references to equation numbers incorrectly cited on page 5.
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