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In this paper we propose a new optimization framework that unites some of the existing tensor based
methods for face recognition on a common mathematical basis. Tensor based approaches rely on the
ability to decompose an image into its constituent factors (i.e. person, lighting, viewpoint, etc.) and then
utilizing these factor spaces for recognition. We first develop a multilinear optimization problem relating
an image to its constituent factors and then develop our framework by formulating a set of strategies
that can be followed to solve this optimization problem. The novelty of our research is that the proposed
framework offers an effective methodology for explicit non-empirical comparison of the different tensor
methods as well as providing a way to determine the applicability of these methods in respect to different
recognition scenarios. Importantly, the framework allows the comparative analysis on the basis of quality
of solutions offered by these methods. Our theoretical contribution has been validated by extensive
experimental results using four benchmark datasets which we present along with a detailed discussion.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, tensor based approaches have been widely stud-
ied as a viable solution to the challenging problem of face recog-
nition across different lightings, viewpoints, expression, etc. Tensor
modeling of face images [17] assumes that the face images are mul-
tilinear function of different factors of variation, i.e. person, lighting,
viewpoint, pixel, etc. Whilst it is understood in appearance based
face recognition research that face images actually span a non-linear
manifold in the pixel space, factor based multilinear assumption
seems to provide a good approximation with encouraging recogni-
tion results reported in [16,14,13]. These tensor based approaches
generally perform better than the linear methods such as, the eigen-
face method [15] and are less computationally expensive than the
non-linear methods. All the algorithms in [16,14,13] are based on the
same multilinear PCA decomposition, however, they differ widely
in their developments. Till now the only means of comparison be-
tween these methods is through testing them on various databases,
which has the associated problem of dealing with inconsistent order
of performance over different datasets. In absence of any theoretical
basis of comparison it remains difficult to assess their performance
over general scenarios without actually doing any experiments.
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Our contribution is to propose a new tensor based face recog-
nition framework that unites all these algorithms in [16,14,13] in
one common mathematical basis, and in effect develop the required
structure for explicit, non-empirical comparison. Tensor analysis
through any form of multilinear decomposition is actually factor
analysis with different assumptions on the relations of the factors.
For face images, tensor analysis provides an ability to express a face
image in terms of its constituent factors (i.e. person, lighting, view-
point, etc.), while the relation between these factors are governed
by the choice of specific multilinear decompositions (e.g. multilinear
PCA/multilinear ICA, etc.) used. Therefore, the basic principle of any
tensor based approach can be best understood in terms of the way it
utilizes different factors. All existing methods lack this perspective
wherein the methods are developed mostly through mechanical
operations including tensor unfolding, matrix reorganization, etc.,
and thus provide no fundamental understanding. The description
through eigenmodes and its variants are, in our opinion, secondary in
nature, which neither describes the methods in a clear and concise
manner nor provides a basis for comparison based on the quality
of solutions. Essentially, we build our framework based on factor
analysis principles and by re-formulating the above methods in our
framework, we obtain clearer and more concise interpretation of
their objectives.

We start by developing an optimization problem relating a face
image to its constituent factors. This stems directly from the way
face images are modeled through a tensor and its decomposition. We
also note that from factor analysis principles, one factor is invariant
to the changes of other factors, which implies that all the images of
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a person have the same value for its person-factor irrespective of the
lighting or viewpoint conditions. Similarly, this notion carries for-
ward to all the other factors. This independence property of factors
is useful in the sense that if we can obtain the person-factor value
or person-space representation of an image, we can readily identify
it by matching it to the stored person-space representations of the
known persons. We can solve this optimization problem directly us-
ing Alternating Least Squares (ALS) method to compute all the factors
of that image. However, in practice ALS is extremely slow in con-
vergence and most of the times fails to converge if the factor spaces
are high-dimensional or highly correlated, as noted also in [11].

The shortcomings associated with the direct approach have mo-
tivated us to investigate alternative ways to solve this problem. In
order to do so, we have developed a general framework, that offers
two key advantages. Firstly, it allows the different assumptions about
factors to be explicitly articulated. Secondly, it enables the devel-
opment of different strategies for optimization that exploit specific
factor spaces and their relationships. Within this parameters we re-
formulate the three existing approaches, i.e. MPCA-LV [16], MPCA-JS
[14], MPCA-PS [13] along with the direct approach using ALS, which
we name as MPCA-ML. The most important contribution of this
paradigm is that it helps us to analyze their failure modes for differ-
ent recognition scenarios. From the analysis, we realize that MPCA-
ML is not a preferable choice because of the drawback of ALS when
factor spaces are high-dimensional in the cases of large databases
and the indefinite cost of testing associated with it. Similarly, the so-
lution to MPCA-LV is heavily dependent on the assumption that the
training dataset includes all possible test lighting/viewpoint condi-
tions and is brittle when this condition is not true. MPCA-JS over-
comes all the previous problems and offers the ideal solution for the
optimization problem. However, the solution obtained is in terms of
a descriptor from which different factors are impossible to separate,
as opposed to the previous methods where person-space represen-
tations are used for discrimination. The discriminating power of this
descriptor could be worse than using unique person factors, espe-
cially when the number of factors is high leading to an inconsistent
behavior over different datasets. For MPCA-PS the overall solution is
suboptimal, yet with the strategy adopted, MPCA-PS overcomes the
limitation of MPCA-LV. Furthermore, it also improves upon MPCA-
JS by keeping the person factor separate and using it indirectly for
recognition. By being dependent on the person factor for discrimi-
nation it is able to provide low complexity testing and at the same
time offers a consistent performance regardless of the number of
factors as opposed to the case of MPCA-JS. The only point of fail-
ure may occur when dealing with similar looking persons whose
person-factor values may be closer, thus resulting in higher uncer-
tainty during recognition. However, as this failure mode is rare, we
can expect that MPCA-PS will provide a consistent performance over
a large number of datasets. MPCA-ML will fail for larger databases
while MPCA-LV will perform poorly when test conditions are un-
seen. MPCA-JS generally provides a good performance, however, as
the number of factors increases, the performance will decrease. It is
imperative to note that we only gained this understanding by using
our proposed framework.

Extensive experimentation is conducted over publicly available
benchmark datasets to thoroughly compare each of the approaches
and to validate and augment our understanding about them. The
outline of the paper is as follows: Section 2 includes a review of
few preliminary definitions and results related to tensor and ten-
sor modeling of face images, while Section 3 includes a brief review
of the existing tensor approaches for face recognition. In Section 4
we elaborate our framework and propose four different face recog-
nition methods on this framework, Section 5 contains experimental
results and detailed analysis of the results based on the proposed
framework, and finally, Section 6 concludes the work.

2. Mathematical background

In this section, we first review a number of key definitions specific
to tensors, then briefly describe multilinear PCA, and then propose
our unified tensor modeling for face recognition.

2.1. Definitions related to tensor

2.1.1. Tensor as a higher order matrix
Mathematically, a tensor is an object which extends the notion

of scalar, vector and matrix. Whilst a vector is an element of a vector
space, a tensor is an element of a tensor space, which is defined
as a tensor product of vector spaces.1 The tensor product of two
vectors results in a matrix and tensor product of N vectors results
in a N-dimensional matrix. As a consequence, any data matrix of
any dimensionality can be assumed to be a tensor with an implicit
tensor space. Following this, we use the terms `N-dim matrix' and
`N'th order tensor' interchangeably to refer to the same object. Also
we note that, by kth `mode' of a tensor we refer to the kth constituent
vector space of the `tensor space' the tensor belongs to.

2.1.2. Matricization of tensor: tensor unfolding at kth mode
Matricization of a tensor refers to the process of creating a matrix

from a tensor of order >2. This operation is needed to create more
complex tensor operations using the usual matrix operations as the
building blocks and by doing so it becomes easy to propagate the
properties associated with matrix operations to the tensor case. It
is often referred to as unfolding operation and defined specific to a
mode. Following [11] the formal definition is given below:

Definition 1. Let A be a tensor of order N with A ∈ RI1×I2×···×IN .
Then A(k) is denoted as tensor unfolding of A at kth mode, and de-

fined as such that A(k) ∈ RIk×(Ik+1 . . .INI1 . . .Ik−1) and it contains the ele-
ment ai1..iN at ikth row and at [(ik+1 − 1)Ik+2 . . . INI1 . . . Ik−1 + (ik+2 −
1)Ik+3 . . . INI1 . . . Ik−1 + · · · + (iN − 1)I1 . . . Ik−1 + (i1 − 1)I2 . . . Ik−1 + (i2 −
1)I3 . . . Ik−1 + · · · + ik−1]th column.

Intuitively, the operation indicates slicing the tensor along a par-
ticular direction depending on the mode of unfolding, and then
putting the slices side by side in a matrix. The pictorial description
is given in Fig. 1 for a third order tensor. Correspondingly, folding of
an unfolded tensor refers to the reverse operation of unfolding.

2.1.3. Matrix times tensor: mode-k multiplication
The mode-kmultiplication of a tensor A ∈ RI1×I2×···×IN by a matrix

U ∈ RJk×Ik is denoted by B = A×kU. B ∈ RI1×I2×···×Ik−1×Jk×Ik+1···×IN and
the entries of B are defined by

Bi1 . . .ik−1jkik+1 . . .iN =
Ik∑

ik=1

Ai1 . . .ik−1ikik+1 . . .iN .Ujk ,ik (1)

Alternatively, it can also be shown that,

(A×kU)(k) = U · A(k) (2)

2.2. Multilinear PCA

PCA of an ensemble of images is performed by computing SVD
of the image data matrix, D ∈ RI1×I2 , whose columns contain
zero-mean vectored images of size I2. SVD orthogonalizes the two

1 Let A,B are the vector spaces over the field R. A⊗ B is the tensor product of
the vector spaces A and B and is constituted by all formal linear combinations of
terms of the form a ⊗ b:

∑
�a ⊗ b, where � ∈ R, a ∈ A and b ∈ B.



2852 S. Rana et al. / Pattern Recognition 42 (2009) 2850 -- 2862

I1

I2

I3

1 2 3

1 2 3

A(1)

A(2)

A(3)

1 2 3

1 2 3

I1

I2

I3

1
2

3

1

2

3

I1

I2

I3

I1

I2

I3

I3

I1

I2

Tensor A∈RI1×I2×I3

Fig. 1. Unfolding of a third order tensor A ∈ R
3×3×3 in three different modes.

associated vector spaces of the two mode matrix D and decomposes
the matrix as

D = U�VT (3)

where � is a diagonal matrix containing ordered eigenvalues and
U,V are two orthonormal matrices, which are simply defined as left-
singular matrix and right-singular matrix, respectively. Following the
least squares formulation for PCA, it can be shown that, U contains
ordered principal direction of variation (principal components) of the
dataset in its columns. Similarly, N-mode SVD, a generalization of
the SVD for higher order matrices [3], orthogonalizes “N” associated
vector spaces of an N-way matrix (or Nth order tensor). If D is an
nth order tensor andD ∈ RI1×I2×···×In , the application of n-mode SVD
orthogonalizes “n” associated vector spaces of D and decomposes
the tensor as

D= S×1U1×2 · · · ×kU
k · · · ×nUn (4)

where Uk, ∀k ∈ {1, 2, . . . ,n}, is an orthonormal matrix and contains
the ordered principal components for the kth mode. S is called the
core tensor. For higher order cases (n>2), S is not guaranteed to be
diagonal, though there is an ordering in the subtensors of S and the

subtensors are mutually orthogonal.2 The decomposition algorithm
is as follows:

(1) For k = 1, . . . ,n, compute matrix Uk by computing SVD on the
mode-k flattening of the tensorD and set the left singular matrix
as Uk.

(2) Compute core tensor S as

S =D×1U1T ×2 · · · ×kU
kT . . .×nUnT (5)

2.3. Tensor model for face recognition

Let us assume that our database contains images of persons with
variations in lighting and viewpoint only. The tensor representation
of the database is given by

T(ip, il, iv) = IPip ,Lil ,Viv
(6)

where IPip ,Lil ,Viv
is the image vector of ipth person at ilth lighting and

ivth viewpoint. T is a tensor of order 4 and,

T ∈ RNp×Nl×Nv×Nx

2 A subtensor Sin=� for S ∈ R
I1×I2×···×In is obtained by fixing the nth in-

dex to �. Orthogonality implies 〈Sin=� , Sin=�〉 = 0 for ��� and ordering implies
‖Si1 ‖� ‖Si2 ‖� · · · � ‖Sin ‖.
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where Np is the number of persons, Nl & Nv represent the num-
ber of lighting and viewpoint instances, respectively, and Nx is the
size of the image vector. Following the arrangement of images in
T, the first mode will be referred to as the person mode, second
as lighting mode, third as viewpoint mode and the fourth as pixel
mode.

Multilinear PCA of tensor T yields four orthogonal subspaces,
wherein each subspace corresponds to one mode of variation. This
is represented as follows:

T = S×1UP×2UL×3UV×4UX (7)

S is called the core tensor and the columns of UP ,UL,UV and UX de-
fine the person, lighting, viewpoint and the pixel subspaces, respec-
tively. The columns in UX represent traditional eigenfaces and the
columns of UP ,UL and UV , represent the N′

p(N
′
p�Np), N′

l(N
′
l �Nl) and

N′
v(N

′
v�Nv) dominant eigenvectors (or the principle axes of varia-

tion) of the person, lighting and viewpoint subspaces, respectively.
We refer to these axes of variation as eigenperson, eigenlighting and
eigenviewpoint, respectively. Also, it can be noted that each row of
UP corresponds to a particular person. We refer ipth row of UP as
the person-space representation of the person ip. Interestingly, all the
training images of ipth person, irrespective to any variation, are rep-
resented by a single point in the person-space. Similarly, ilth row of
UL refers to the lighting-space representation of the ilth lighting and
ivth row of UV refers to the viewpoint-space representation of the
ivth viewpoint. The core tensor, S ∈ RN′

p×N′
l×N′

v×N′
x , controls the mu-

tual interaction between the person, lighting, viewpoint and pixel
subspaces.

3. Related work

Linear models such as the eigenface [15] is suitable for face im-
age analysis when the identity of persons is the only factor that
is allowed to vary. However, when there are variation in multiple
modes such as face images of different persons at different lightings
and viewpoints then linear systems can no longer provide a suitable
framework for analysis. As an alternative, multilinear modeling has
been proposed in [16], where face images are assumed to be the
result of multilinear interaction between different factors such as
person, lighting, viewpoint, etc. Multilinear analysis provides con-
cepts of eigenperson, eigenlighting, eigenviewpoint along with the
traditional notion of eigenface as a special case. The power of such
modeling lies in that it enables the construction of effective repre-
sentations, depending on the variations observed in each subspace
and the importance given to the associated factor. Face recognition
in this framework was first studied in [16], and it showed a huge
improvement in recognition performance over linear methods on a
limited set of experiments. Recognition was performed by estimat-
ing person-space representation of a test image and then comparing
it with the stored person-space representations. Similar approaches
have been used in [18] for expression invariant face recognition,
in [6] for simultaneous super-resolution and recognition and in [7]
for human gait recognition. However, it has been pointed out in
[14] that these approaches are not suitable for recognition in un-
seen modes as they do not utilize eigendecomposition information
in factor spaces other than the person-space. Through intuitive jus-
tification that the core tensor is more suitable for face recognition in
unseen modes as it contains information on variation for all the fac-
tors, they have proposed a new approach for recognition. In this ap-
proach, multilinear eigenmodes, which are the results of interaction
between eigenpersons, eigenlightings and eigenviewpoints, are used
to define a joint space. This space is used for face image represen-
tation and subsequent recognition through a comparison with the
stored joint space coefficients of the training images. This approach

supersedes previous algorithms both on performance and effi-
ciency aspects over an extended set of experiments. However,
this algorithm becomes prohibitively costly for large databases as
recognition requires comparison with all the training images, lead-
ing to a test complexity of O(NT ), where NT is the total number
of images. To reduce the testing complexity, [13] suggested a new
approach that utilizes person-specific eigenmodes to define a set
of projection bases, with each projection basis corresponding to
a person. The test image is projected on the each basis, and the
basis retaining the most information after projection determines
the identity of the testing image. Reconstruction error is used to
quantify the loss of information. This is an effort to compartmen-
talize the multilineareigenmodes space of [14] corresponding to
persons. This results in a testing complexity of only O(Np), where
Np is the number of persons in the training database. As Np>NT , it
provides a significant speedup over [14], while performing at par in
recognition.

4. Proposed recognition framework

From (7), if up(∈ RN′
p ),ul(∈ RN′

l ) and uv(∈ RN′
v ) are person-space,

lighting-space and viewpoint-space projections, respectively, for a
test image IT , we have,

IT = S×1up×2ul×3uv×4UX (8)

In order to represent a testing image with the tensor framework,
we need to compute up,ul and uv for IT . For this purpose, we can
formulate a multilinear least squares problem as,

min
up ,ul ,uv

‖IT − S×1up×2ul×3uv×4UX‖2 (9)

Next we will show four different ways to solve this optimization
problem for recognition and demonstrate that some of them are just
alternative derivations of the existing algorithms.

4.1. Approach 1: MPCA-ML

We have mentioned earlier that each person in the training
database has a unique representation in the person-space. There-
fore, the most direct way to perform recognition is to compare the
person-space projection of the test image IT with the person-space
representation of all the training persons. We can solve the mul-
tilinear optimization problem (9) directly using alternating least
squares method [9]. In this method up,ul and uv are initialized to
some random values and then Eq. (9) is alternatively optimized
over a single variable while keeping others fixed. After a suffi-
cient number of iterations, we hope to achieve the convergence,
indicated by minute difference in the consecutive estimates of the
values of up,ul and uv. The method can be terminated when all
the differences are below certain threshold or a certain number of
iterations have reached. The recognition algorithm is elaborated in
Algorithm 1.

The major advantage of this solution is that it is easy to incor-
porate any prior knowledge of lighting or pose of the test image
by initializing or fixing ul and uv to certain values. Also, we ob-
tain all the factor space projection of the test image, enabling
us to estimate lighting or pose of the face in the same frame-
work. However, as discussed in the Introduction, ALS method
suffers from poor convergence rate and may fail to converge in
case of high-dimensionality of factor spaces. This results in an ex-
tremely expensive method coupled with poor performance for large
databases.
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Algorithm 1. Testing algorithm for the MPCA-ML.

Test image: IT
(1) ALS method: initialize up ∈ RN′

p ,ul ∈ RN′
l and uv ∈ RN′

v to some
random values.
• Step 1: Compute unewp as,

unewp = IT × ((S×2ul×3uv×4UX)(person))
+

• Step 2: Compute unewl as,
unewl = IT × ((S×1unewp ×3uv×4UX)(lighting))

+

• Step 3: Compute unewv as,
unewv = IT × ((S×1unewp ×2unewl ×4UX)(viewpoint))

+

• Step 4: Check convergence criterion and set up =unewp , ul =
unewl and uv = unewv .

• Step 5: Go to Step 1, if convergence is not achieved.

(2) If {cip }
Np

ip=1 are the rows of UP and if ipm minimizes
minip‖up − cip‖

then IT belongs to the person ipm

4.2. Approach 2: MPCA-LV

As seen in the previous algorithm, even though a direct multilin-
ear solution using ALS offers a simple approach to solution, the com-
putation requirement can be high even for small databases. Also, we
estimate both the lighting-space and viewpoint-space projection of
the test image, though only the person-space projection is sufficient
for recognition. Considering this, the computational cost can be re-
duced if we avoid estimating ul,uv and instead solve (9) over a fixed
set of {(ul,uv)}. Let (u∗

l ,u
∗
v) be a member from the set {(ul,uv)}, then

Eq. (9) can be reformulated as

min
up

‖IT − S×1up×2u∗
l ×3u∗

v×4UX‖2 (10)

Following the definition of mode-k multiplication to a tensor, this
can equivalently be written as

min
up

‖IT − up × (S×2u∗
l ×3u∗

v×4UX)(person)‖2 (11)

Fortunately, this is a linear equation and the optimal up for (u∗
l ,u

∗
v)

can be computed as:

up = IT × (S×2u∗
l ×3u∗

v×4UX)+(person) (12)

where the superscript + implies Moore–Penrose pseudoinverse. For
each possible pairs of {ul,uv} we obtain an optimal solution for up,
resulting in a set of {up}. To create the set {ul,uv}, we assume that
our training database is well represented, implying that the light-
ing conditions and pose of the testing images are very close to the
training lighting conditions and pose. Therefore, we fix ul to the set
of training lightings and uv to the set of training viewpoints. Let
uk1l =k1th row of UL and uk2v =k2th row of UV , then the set is created

as, {(uk1l ,uk2v ) for k1 =1, . . . ,Nlk2 =1, . . . ,Nv}. Clearly the cardinality of
the set is NlNv. Using (12), we generate a set of person-space repre-
sentation for IT , over the set {(ul,uv)} as

uk1k2p = IT × (S×2u
k1
l ×3u

k2
v ×4UX)+(person) ∀k1, k2

= IT × Ak1k2 (13)

The set of person-space representations, {uk1k2p for k1=1, . . . ,Nlk2=
1, . . . ,Nv}, is then compared pairwise to the person-space repre-
sentation of the training persons and the best matching person is
found. The recognition algorithm is elaborated in Algorithm 2.

Algorithm 2. Testing algorithm for MPCA-LV.

Input: Test image = IT
Precalculate: Ak1k2 = (S×2u

k1
l ×3u

k2
v ×4UX)+(person)

(1) For k1 = 1, . . . ,Nl and k2 = 1, . . . ,Nv compute,
uk1k2p = IT × Ak1k2

(2) If {cip }
Np

ip=1 are the rows of UP and if ipm minimizes

min
ip ,k1,k2

‖uk1k2p − cip‖
then IT belongs to the person ipm

This algorithm is an attempt to solve the optimization problem
in a deterministic time, though at the cost of obtaining suboptimal
solution. The suboptimal solution is near-optimal when our assump-
tion that the test images are not at wide variation compared to the
training images is valid. However, if the variation is large, the es-
timation of up would be quite inaccurate and the recognition per-
formance based on up would be poor. On the other hand, we still
retain the advantage of incorporating prior knowledge in terms of
manipulating ul and uv individually, either by fixing them to a cer-
tain set of values or excluding a certain subset of values from the
existing set. It is also obvious that this approach is similar to the
idea of [16]. However, by re-deriving it on our framework we are
able to gain more insights on how this algorithm is expected to be-
have in different scenarios. Specifically, we show that the unability
of this approach to handle faces at unseen modes as noted in [14,13]
is simply because it is not designed to handle such conditions; thus
providing a much simpler explanation than those offered in [14,13].

4.3. Approach 3: MPCA-JS

In this approach we exploit the structure of the core tensor
to cast (9) as a linear least squares problem. From (9), we obtain
person-space, lighting-space and viewpoint-space descriptions for a
test image. The core tensor contains the multilinear relationship be-
tween the person-space, lighting-space and the viewpoint-space. The
person-space, lighting-space and viewpoint-space projection vectors
interacts with the core tensor in the mode-specific linear way to ap-
proximate the image. Through manipulating the structure inside the
core tensor, we will shift the multilinearity from the core tensor side
to the description side. An image will now be described by a multi-
linear function of person-space, lighting-space and viewpoint-space
projection vectors and will be approximated by a linear multiplica-
tion of the description vector with a matrix derived from the core
tensor. As a result, instead of multilinear optimization we obtain a
linear equation to compute the description vector for a test image,
thereby saving computation cost and solving it optimally. Following
this idea, we provide the necessary derivation to develop a recogni-
tion algorithm.

Let us start by defining,

A= S×4UX (14)

With analogy to the definition of T, we can state that,

A(ip, il, iv) = IPeip L
e
il
Ve
iv

(15)

where IPeip L
e
il
Ve
iv

is the image of ipth eigenperson at ilth eigenlighting

and ivth eigenviewpoint. Following the usual definition of up,ul and
uv for the test image IT we can write that,

IT = S×1up×2ul×3uv×4UX (16)

And, following the definition of A from (14) we can rewrite the
above as

IT =A×1up×2ul×3uv (17)
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Next we provide the formulation to shift the multilinearity from the
core tensor side to the description vector side. Applying the rule of
mode multiplication, (17) can be written as

IT =
N′
v∑

iv=1

uv(iv).
N′
l∑

il=1

ul(il).
N′
p∑

ip=1

up(ip).IPeip L
e
il
Ve
iv

=
N′
v∑

iv=1

uv(iv).
N′
l∑

il=1

ul(il).up.

⎡
⎢⎢⎣

IPe1Leil V
e
iv

. . .

IPe
N′
p
Leil

Ve
iv

⎤
⎥⎥⎦

=
N′
v∑

iv=1

uv(iv).

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ul(1).up

⎡
⎢⎢⎣

IPe1Le1Ve
iv

. . .

IPe
N′
p
Le1V

e
iv

⎤
⎥⎥⎦ + · · · + ul(N

′
l).up

⎡
⎢⎢⎢⎣

IPe1LeN′
l
Ve
iv

. . .

IPe
N′
p
Le
N′
l
Ve
iv

⎤
⎥⎥⎥⎦

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=
N′
v∑

iv=1

uv(iv).ul.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

up

⎡
⎢⎢⎣

IPe1Le1Ve
iv

. . .

IPe
N′
p
Le1V

e
iv

⎤
⎥⎥⎦ . . . 0

. . . . . . . . .

0 . . . up

⎡
⎢⎢⎢⎣

IPe1LeN′
l
Ve
iv

. . .

IPe
N′
p
Le
N′
l
Ve
iv

⎤
⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
N′
v∑

iv=1

uv(iv).ul.

⎡
⎢⎣
up . . . 0

. . . . . . . . .

0 . . . up

⎤
⎥⎦

(N′
l × N′

pN
′
l)

.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎣

IPe1Le1Ve
iv

. . .

IPe
N′
p
Le1V

e
iv

⎤
⎥⎥⎦

. . .

. . .⎡
⎢⎢⎢⎣

IPe1LeN′
l
Ve
iv

. . .

IPe
N′
p
Le
N′
l
Ve
iv

⎤
⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(18)

Let us denote

⎡
⎢⎣
up . . . 0

. . . . . . . . .

0 . . . up

⎤
⎥⎦ .

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎣

IPe1Le1Ve
iv

. . .

IPe
N′
p
Le1V

e
iv

⎤
⎥⎥⎦

. . .

. . .⎡
⎢⎢⎢⎣

IPe1LeN′
l
Ve
iv

. . .

IPe
N′
p
Le
N′
l
Ve
iv

⎤
⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= Yiv ,

then we can rewrite (18) as

IT =
N′
v∑

iv=1

uv(iv).ul.Yiv

= uv.

⎡
⎢⎣
ul.Yiv=1 . . . 0

. . . . . . . . .

0 . . . ul.Yiv=N′
v

⎤
⎥⎦ = uv.

⎡
⎢⎣
ul . . . 0

. . . . . . . . .

0 . . . ul

⎤
⎥⎦

(N′
v × N′

lN
′
v)

.

⎡
⎢⎢⎢⎢⎣

Yiv=1

..

..

Yiv=N′
v

⎤
⎥⎥⎥⎥⎦

(19)

Substituting Yiv with its definition and after fewmore stepswe obtain

IT = uv.

⎡
⎢⎣
ul . . . 0

. . . . . . . . .

0 . . . ul

⎤
⎥⎦

(N′
v × N′

lN
′
v)

.

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

up . . . . . . 0

. . . up . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

0 . . . . . . up

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(N′
vN

′
l × N′

vN
′
lN

′
p)

.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IPe1Le1Ve
1

. . .

IPe
N′
p
Le1V

e
1

IPe1Le2Ve
1

. . .

IPe
N′
p
Le
N′
l
Ve
1

IPe1Le1Ve
2

. . .

. . .

IPe
N′
p
Le
N′
l
Ve
N′
v

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N′
vN

′
lN

′
p × Nx)

⇒ IT = f (up,ul,uv).Ã (20)

f : RN′
p ×RN′

l ×RN′
v → RN′

pN
′
lN

′
v is a multilinear function over up,ul,uv.

Ã contains images of all the eigenpersons at all the eigenlightings
and eigenviewpoints, and therefore, a derivative from the core ten-
sor. Let dT = f (up,ul,uv) be the description vector for IT , then we can
reformulate (9) as

min
dT

‖IT − dT .Ã‖2 (21)

Fortunately, this is a linear problem and the least squares solution
for dT is computed as

dT = IT × Ã
+

(22)

It is to be noted that, the optimal solution for dT implies optimal
solution for up,ul and uv as well, in contrast to the previous algorithm
MPCA-LV, where we had a suboptimal solution to the optimization
problem. However, on the flip side, given dT , we cannot compute
up uniquely, therefore, cannot use the usual recognition approach
of comparing up in the person-space as followed by both MPCA-ML
and MPCA-LV. We need to compute description vectors for all the
training images and store them for recognition. Recognition follows
an eigenface like algorithm, where dT is compared to the stored
description vectors and the best matching training image is found.
Next, we will show that the description vectors of training images
can be directly calculated from the matrices UP , UL and UV in an
efficient way.

Definition 2. Let us define CP as

CP =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(1)
P

C(2)
P

. . .

. . .

C(Np)
P

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(23)

where C(k)
P is defined as

C(k)
P =

⎡
⎢⎢⎢⎢⎢⎣

u(k)p 0 . . . 0

0 u(k)p . . . 0

. . . . . . . . . . . .

0 0 . . . u(k)p

⎤
⎥⎥⎥⎥⎥⎦

(24)

where u(k)p (=kth row of UP) is repeated diagonally for N′
lN

′
v times.
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Similarly we can define CL as

CL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(1)
L

C(2)
L

. . .

. . .

C(Nl)
L

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(25)

where C(k)
L is defined as

C(k)
L =

⎡
⎢⎢⎢⎢⎢⎣

u(k)l 0 . . . 0

0 u(k)l . . . 0

. . . . . . . . . . . .

0 0 . . . u(k)l

⎤
⎥⎥⎥⎥⎥⎦

(26)

where u(k)l (=kth row of UL) is repeated diagonally for N′
vNp times.

And CV is

CV =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(1)
V

C(2)
V

. . .

. . .

C(Nv)
V

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(27)

where C(k)
V is defined as,

C(k)
V =

⎡
⎢⎢⎢⎢⎢⎣

u(k)v 0 . . . 0

0 u(k)v . . . 0

. . . . . . . . . . . .

0 0 . . . u(k)v

⎤
⎥⎥⎥⎥⎥⎦

(28)

where u(k)v (=kth row of UV ) is repeated diagonally for NpNl times.

Based on above definitions, the following theorem provides the
desired relation between the image description vector and CP ,CL and
CV , which were in turn calculated from the matrices UP , UL and UV .

Theorem 1. Let M = CV × CL × CP . If mk is the kth row of the matrix
M then,

mk = IPip Lil Viv
× Ã

+
(29)

where ip = ((k − 1)modNp + 1), il = ((�k/Np
 − 1)modNl + 1) and
iv = (�k/(Np × Nl)
).

Proof. Refer to Appendix A.

It follows from the above theorem that matrix M = CV × CL ×
CP contains the description vectors, f (up,ul,uv) of all the training
images. Each rowmk of the matrixM refers to the description vector
of a training image, whose person, lighting and viewpoint indices are
provided by the above theorem. The algorithm for testing is given
in Algorithm 3.

Algorithm 3. Testing algorithm for MPCA-JS.

Input: Test image = IT
Precalculate: P = Ã

+

(1) Given the test image IT , find the corresponding description
vector dT as:
dT = IT × P

(2) Use a Nearest Neighbor classifier to find the best matching
description vector mb, i.e. that minimizes,
min
k

‖dT − mk‖ for k = 1, . . . , (Np × Nl × Nv)

wheremk is the kth row of thematrixM. The distancemeasure
we use is the cosine distance. For two vectors a and b the cosine
distance between them is defined as,

cosine_dist(a,b) = 〈a,b〉
‖a‖‖b‖

(3) The person identity, pT for the test image is the person identity
of the best matching vector mb (bth row of M) and it is given
by,
pT = ((b − 1)modNp + 1)

Clearly, this algorithm provides a deterministic approach to solve
(9) without losing the optimality in solution, and hence, superior
to both the previous algorithms. Another major advantage is that it
follows the conventional method of recognition, i.e. projection (gen-
eration of description vector) followed by classification. Therefore,
sophisticated classifiers can be used to improve the performance of
the testing algorithm. However, a naive implementation using NN
classifier can be enormously expensive, as the search complexity is
O(NpNlNvN′

pN
′
lN

′
v). In comparison to it, MPCA-ML has a search com-

plexity of only O(NpN′
p) and MPCA-LV has a search complexity of

only O(NlNvNpN′
p). Another point to be noted that, it actually uses

a modified descriptor for recognition, as opposed to the person fac-
tor used in the previous method. Also, it is obvious from the algo-
rithm that this approach is similar to the ideas presented in [14].
However, through this alternative derivation we are able describe
the methods in a cleaner way by explicitly stating the quality of
solution it offers and then linking the performance to it. However,
this approach is distinct than the previous approaches in the sense
that it uses a multilinear combination of all factors as the descrip-
tor instead of the usual person-space representation. The power of
discrimination of this descriptor may reduce considerably as more
and more factors are added with the person-factor. Therefore, this
method will provide good performance when number of factors is
low, and may fail when the number becomes higher. This particular
insight cannot be obtained from the description given in the initial
paper [14].

4.4. Approach 4: MPCA-PS

In all the previous approaches, whilst solving (9) we let up to be
a free variable and solved the optimization problem. For recogni-
tion, we either directly used up for recognition as in MPCA-ML and
MPCA-LV, or used a description that is a function of up, as in MPCA-
JS. However, as we recognize persons that are present in our training
database, we expect up to be the same as that of person-space rep-
resentation of the person the test image belongs to. Following this
idea, we can simplify the optimization problem of (9), by finding its
minima over the set of person-space representations of the train-
ing persons. As each individual row of UP refers to a specific person,
we make a candidate set of up such that {ukp = kth row of UP , for
k = 1, 2, . . . ,Np}. For each ukp we generate a multilinear optimization
subproblem that is multilinear in ul,uv. We follow similar techniques
as in MPCA-JS to solve these multilinear subproblems and finally we
compute the overall minima out of those subproblems. The specific
ukp, which provides the overall minima, reveals the identity of the
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test image as that of person k. Precisely, we modify (9) as

min
k,ul ,uv

‖IT − S×1ukp×2ul×3uv×4UX‖2 (30)

Next, we develop a mechanism to solve this optimization problem.
Let us start by defining,

Bk = S×1ukp×4UX (31)

Clearly,B ∈ R1×N′
l×N′

v×Nx . With analogy to the definition of T, we can
state that,

Bk(1, il, iv) = IPkLeil V
e
iv

(32)

where IPkLeil V
e
iv
is the image of kth person at ilth eigenlighting and ivth

eigenviewpoint. If the test image, IT belongs to the Kth person and,
ul,uv are its projection in lighting and viewpoint-spaces, respectively,
then,

IT = S×1uKp×2ul×3uv×4UX

= BK×2ul×3uv (33)

Following the rule of mode multiplication, (33) can be written as

IT =
N′
v∑

iv=1

uv(iv) ·
N′
l∑

il=1

ul(il) · IPKLeil V
e
iv

=
N′
v∑

iv=1

uv(iv).ul.

⎡
⎢⎢⎣

IPKLe1Ve
iv

. . .

IPKLeN′
l
Ve
iv

⎤
⎥⎥⎦

= uv(1).ul

⎡
⎢⎢⎣

IPKLe1Ve
1

. . .

IPKLeN′
l
Ve
1

⎤
⎥⎥⎦ + · · · + uv(N′

v).ul

⎡
⎢⎢⎣

IPKLe1Ve
N′
v

. . .

IPKLeN′
l
Ve
N′
v

⎤
⎥⎥⎦

= uv.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ul

⎡
⎢⎢⎣

IPKLe1Ve
1

. . .

IPKLeN′
l
Ve
1

⎤
⎥⎥⎦ . . . 0

0 . . . 0

. . . . . . . . .

0 . . . ul

⎡
⎢⎢⎣

IPKLe1Ve
N′
v

. . .

IPKLeN′
l
Ve
N′
v

⎤
⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(34)

Continuing the derivation we obtain,

IT = uv

⎡
⎢⎣
ul . . . 0

. . . . . . . . .

0 . . . ul

⎤
⎥⎦

N′
v × N′

lN
′
v

.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎣

IPKLe1Ve
1

. . .

IPKLeN′
l
Ve
1

⎤
⎥⎥⎦

. . .

. . .⎡
⎢⎢⎣

IPKLe1Ve
N′
v

. . .

IPKLeN′
l
Ve
N′
v

⎤
⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒ IT = g(uv,ul).B̃K (35)

where g : RN′
l ×RN′

v → RN′
lN

′
v is a multilinear function over ul,uv. B̃k

contains images of kth person at all the eigenlightings and eigen-
viewpoints. Let, cT = g(uv,ul) is the description vector of lighting
and pose for IT then we can reformulate (30) corresponding to the
person K as

min
cT

‖IT − cT × B̃K‖2 (36)

This is a linear optimization problem such and the least squares
solution for cT , specific to k = K is computed as

cKT = IT × B̃
+
K (37)

In order to find the optimal k, we can write (30) as

min
k

‖IT − ckT ×Bk‖2 (38)

The algorithm for testing is given in Algorithm 4.

Algorithm 4. Testing algorithm for MPCA-PS.

Testing: IT is the test image.
(1) For every k = 1, . . . ,Np compute

• ckT = IT × B̃
+
k

• ek = ‖IT − ckT × B̃k‖
The distance measure we use is Euclidean distance.

(2) If ekm is the smallest of {ek}Np

k=1 then IT belongs to the person
km.

In this approach we are enforcing suboptimality to the solution
by optimizing (9) over a set of up. However, for a fixed up we solve
for optimal values of ul and uv. Though both MPCA-LV and this ap-
proach generate suboptimal solutions, the fundamental difference
between them is that, in MPCA-LV we fix ul,uv to the training light-
ing and viewpoint cases and optimally solve for up, whereas in this
case we fix up to the training persons and optimally solve for ul,uv.
Fixing ul,uv implies that we expect lighting condition and viewpoint
of a test image to be almost similar to any of the training lighting
and viewpoint cases. However, fixing up implies that we expect the
test image to have the same person-space representation as the per-
son the test image belongs to. Clearly, the later assumption is more
logical and the suboptimal solution for this case, should almost be
near-optimal, implying we should expect similar recognition perfor-
mance as that of MPCA-JS. Moreover, as this algorithm has search
complexity of only O(NpNx), it is much more efficient than MPCA-
JS. On the down side, due to the way recognition is performed, we
cannot further reduce the time. In comparison to it, MPCA-JS can
be made faster by using sophisticated classifiers. It is also obvious
that this approach is similar to the ideas presented in [13]. However,
with this derivation we are able to express it in a clearer fashion
by explicitly stating the quality of solution it offers. Firstly, it solves
the optimization problem almost-optimally, thereby overcoming the
drawback of MPCA-LV. Secondly, it utilizes person-space indirectly
for recognition thereby overcoming the limitation of MPCA-JS. This
explanation is much neat than the eigenmode-based explanation as
offered in the initial paper [13].

4.5. Theoretical analysis of four approaches

As we see in Table 1, we were able to describe all the four meth-
ods in a coherent way in terms of assumption they make and strate-
gies they adopt to solve the multilinear optimization problem (9).
Critically, we are also able to outline their failure modes based on
the analysis of solution mechanisms they follow and get an under-
standing of their expected behaviors and consequent deployability
in different face recognition scenarios. Firstly, the direct approach
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Table 1
Summary of all the four approaches developed in this paper for face recognition using tensor methods.

Method Assumptions Solution strategy (A) Quality of solution Recognition method (B) Recognition cost=
cost of (A)+cost of (B)

MPCA-ML None Brute force—using alternat-
ing least squares (ALS)

Optimal if global optima is
reached (however, ALS fails to
converge if factor spaces are
high-dimensional or factors are
highly correlated)

Compare up with stored
person-space projection of
known persons

Indefinite + O(NpN′
p)

MPCA-LV Lighting and viewpoint for
the test image is almost
similar to training lightings
and viewpoints

Fix (ul ,uv) to training
lighting–viewpoint combi-
nation and simplify (9) to
obtain NlNv no. of linear
optimization problems (11).
Solve all the linear opti-
mization problems to gen-
erate a candidate set of up

Sub-optimal (extremely poor if
test lighting/viewpoint condi-
tions are quite different from
that of the training set)

Compare the candidate set
of up with stored person-
space projection of known
persons in a pair-wise man-
ner

NlNvprojections+
O(NlNvNpN′

p)

MPCA-JS None Manipulate the structure of
core tensor to cast the mul-
tilinear optimization prob-
lem of (9) as a linear op-
timization problem in (21).
The solution is obtained as
a descriptor, that is a mul-
tilinear function of all the
factors

Optimal (however, the factors
are unseparable and the multi-
linear descriptor may not have
the same discriminative power
as that of up)

Compare the description
vector (of length N′

vN
′
lN

′
p)

with stored description vec-
tors of all training images

Only one projection+
O(NvNlNp N′

vN
′
lN

′
p)

MPCA-PS Person-space projection of
the test image should be
close to the person-space
representation of the train-
ing person the test image
belongs to

Fix up to the person-space
representation of training
persons and divide (9) into
Np no. of multilinear opti-
mization subproblems, each
specific to one person (30).
Manipulate the structure of
core tensor to cast each of
them as a linear optimiza-
tion problem (36)

Sub-optimal (however, highly
optimal if testing involves only
known persons and it indirectly
uses up to discriminate)

Among the Np optimiza-
tion problems, find the one
which generate the least er-
ror in approximating the
test image

Npprojections + O(NpNx)

MPCA-ML is not preferable for two reasons: (1) the failure of the
optimization routine when the factor spaces are high-dimensional
as in the cases of large databases and (2) indefinite cost of testing.
MPCA-LV, though a linear time algorithm, is heavily dependent on
the assumption that the training dataset contains images that cover
all possible test lighting/viewpoint conditions and therefore is brittle
when the conditions are not met. MPCA-JS overcomes all the previ-
ous problems and offers the best solution for the optimization prob-
lem. However, the solution obtained is in terms of a descriptor from
which different factors are impossible to separate. The discriminat-
ing power of this descriptor is hard to predict and could be worse
than using unique person factors, particularly when the number of
factors goes higher because of the reduced influence of the unique
person factor in the descriptor. For MPCA-PS the overall solution is
suboptimal as we do not compute person-factor value, however, for
each fixed value of the person-factor (respective to each known per-
sons) we solve for all other factors optimally. Thereby, the solution is
nearly optimal if the test images are only from known persons. With
this strategy, MPCA-PS can on one hand overcome the shortcoming
of the MPCA-LV approach while on the other hand it improves upon
MPCA-JS by keeping the person factor separate and using it indirectly
for recognition. By being dependent on person factor for discrimina-
tion it is able to provide low complexity testing while at the same
time providing immunity from any performance variation due to
varying number of factors as was in the case of MPCA-JS. Hence, we
can expect that MPCA-PS will provide consistent performance over
any kind of dataset. MPCA-ML will fail for larger databases. MPCA-LV
will have a poor performance when test conditions are unseen while
MPCA-JS will typically provide good performance with the condi-
tion that an increase in the number of factors will negatively impact
the overall performance. In the next section we will validate these
theoretical insights by experimentation on different databases.

5. Experiments, analysis and evaluation

In this section, we provide experimental results of the differ-
ent tensor based approaches we derived, on a number of publicly
available benchmark datasets. Specifically, we used PEAL [4], YaleB
frontal [5], Extended YaleB [12] and Weizmann face database for
experiments. The Extended YaleB database contains images of 38
persons at 64 different lightings and at nine different viewing direc-
tions. The YaleB frontal is a subset of the Extended YaleB database,
which contains images of 38 persons at 64 different lighting condi-
tions, at the frontal viewpoint only. PEAL is a face-database of Chi-
nese nationals at different poses, lightings and expressions [4]. From
this database we created PEAL lighting variation dataset by choosing
images of 150 persons at different lighting conditions. The lighting
conditions have three different modes: light focussing on the middle
of the faces (M), light focussing from up (U) and light focussing from
down (D). Each mode has light focussing from five different direc-
tions (0◦,±45◦,±90◦), resulting in 15 different lighting conditions,
though images at all 15 lighting conditions are not available for all
persons. Primarily the light used is of incandescent type, however,
occasionally fluorescent lamps were used, resulting in a maximum
of five extra lighting conditions. In the dataset the minimum number
of image a person has is six whilst the maximum number is 20. How-
ever, only three images per person are available at exactly the same
lighting conditions, i.e. at M—0◦, U—0◦ and D—0◦. For the Weizmann
face database, we have access to face images of 28 persons at five
different viewpoints (0◦,±17◦,±34◦), three different lightings and
two different expressions. Prior to the experiments, all the images
were cropped and their eye-points were manually aligned. Then all
the image vectors were normalized to unity. For HOSVD and other
tensor operations, we used the tensor toolbox developed by Bader
and Kolda in MATLAB� [1].
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Table 2
Recognition performance on YaleB lighting variation dataset.

Recognition method Avg. accuracy (%) (std. deviation)

5 train 10 train 15 train 20 train

PCA 53.71 (9.6) 69.20 (5.3) 77.69 (4.8) 88.29 (3.9)
MPCA-ML 71.67 (11.5) 85.92 (4.3) 91.37 (2.3) 93.36 (2.0)
MPCA-LV 43.22 (14.3) 56.41 (9.6) 63.30 (9.3) 72.66 (8.6)
MPCA-JS 76.16 (10.0) 87.52 (5.8) 92.78 (2.5) 95.02 (1.7)
MPCA-PS 77.33 (11.1) 90.40 (4.1) 94.38 (1.5) 95.52 (1.5)
PCA + LDA 72.53 (11.7) 85.07 (6.1) 90.63 (3.6) 93.44 (3.0)
PCA + LPP 72.98 (10.8) 86.97 (4.3) 91.84 (2.4) 94.38 (2.0)

Table 3
Testing time for YaleB lighting variation dataset.

Recognition method Avg. time (s)

5 train 10 train 15 train 20 train

PCA 0.11 0.21 0.34 0.45
MPCA-ML 14.75 18.83 25.76 32.70
MPCA-LV 0.83 2.86 4.37 5.85
MPCA-JS 0.27 0.85 1.41 2.20
MPCA-PS 0.10 0.15 0.19 0.24
PCA + LDA 0.09 0.16 0.25 0.31
PCA + LPP 0.10 0.21 0.32 0.43

Test time is for 100 test images.

For the YaleB frontal dataset, four sets of experiments were per-
formed with randomly chosen 5, 10, 15 and 20 lighting conditions
for training and the rest for testing. For experiments on the Extended
YaleB database, 16 representative lighting conditions at five repre-
sentative viewpoints were used for training and the rest for testing.
For experiments on Weizmann face database 3 representative view-
points (at 0◦ and ±34◦), at two randomly selected lighting conditions
and at all the expressions were used for training and the rest for
testing. For experiments on the PEAL lighting variation dataset, three
lighting conditions at M—0◦, U—0◦ and D—0◦ were used for training
and the rest 1040 images for testing. Thus, in both the PEAL database
and YaleB frontal database, the test images were at unseen lighting.
For both Extended YaleB database and Weizmann database, the test
images were either at unseen lighting or unseen viewpoints or both.
For the experiments on YaleB frontal, each set of experiments was
repeated 20 times and the average and the standard deviations of
the results are reported. Experiments were performed with MPCA-
ML, MPCA-LV [16], MPCA-JS [14], MPCA-PS [13] along with PCA [15]
for baselining and LDA [2] and LPP [8] to benchmark results pro-
duced by the tensor based methods against the leading ones. All the
timings reported here are for Matlab code running on a Intel Xeon
8×2.3GHz server with 16GB RAM without any extra effort for code
optimization.

We have used energy thresholding to select the number of eigen-
vectors to be retained (i.e. for PCA and for Pixel mode of MPCA the
energy threshold=0.96, at all other modes of MPCA the threshold=
0.99). LDA and LPP was performed in the reduced dimension after
performing PCA on the data with the same threshold to maintain
uniformity. Face recognition using PCA, LDA and LPP used Euclidean
distance measure for comparison, while all tensor based approaches
used cosine distance measure. For MPCA-ML, the convergence was
decided to have been achieved when norm of the difference of two
consecutive estimates of up,ul,uv reached less than 0.000001. How-
ever, the maximum number of iteration was capped at 2000.

Tables 2 and 3 present the recognition performance and test
time for experiments on YaleB dataset. Experimental results for
Extended YaleB database, Weizmann database and PEAL lighting
variation dataset have been tabulated in Tables 4, 5 and 6, respec-
tively.

From the results we can list the following observations:

• In most of the experiments, MPCA-PS outperformed all other ap-
proaches including LDA and LPP. Particularly, inWeizmann dataset
it showed excellent recognition accuracy. We attribute this to the
nature of the dataset, where the appearance of persons are very
much different from each other, resulting in a lesser overlap among
person-specific eigenmode spaces. The opposite reasoning applies
to the PEAL dataset, where persons share some similarities in the
appearances, resulting in a higher overlap of the person-specific
eigenmode spaces. Therefore, we observe that MPCA-PS performed
somewhat worse than MPCA-JS in the PEAL dataset, though com-
parable to LDA and LPP. Nevertheless, efficiency wise MPCA-PS al-
ways outperformed other approaches by significant amount. Also
in Table 2 note that the MPCA-PS have the least variation of results
due to different partitioning of YaleB lighting variation dataset for
higher training cases, which shows the robustness of the algo-
rithm. In Extended YaleB dataset, which is the largest among all
the datasets we have, MPCA-PS is almost twice faster than PCA
and MPCA-LV, almost 350 times faster than MPCA-ML, and around
14 times faster than MPCA-JS.

• In most of the cases, MPCA-JS performed almost similar to MPCA-
PS, except in the experiments on Weizmann dataset. There, it per-
formed even worse than PCA. The reason, as pointed out correctly
in [13], is the poor generalization of the NN classifier in the high-
dimensionalmultilinear eigenmode space. Also it is to be noted that
in the PEAL dataset it performed better than LDA and LPP as well.

• In all the experiments, MPCA-LV performed very poorly in terms of
recognition accuracy, which is reflective of our analysis discussed
before, that this method is not suitable for application for recog-
nition under unseen lightings and viewpoints.

• Finally we observe that, MPCA-ML showed poor performance ex-
cept in the case of YaleB lighting variation dataset, which con-
curred with our discussion of this method in the corresponding
section. Better performance in YaleB is the result of small number
of variables as well as their small dimensions. Compared to YaleB
lighting variation dataset, YaleB extended dataset has three vari-
ables, Weizmann has four variables and although PEAL dataset has
only two variables the person-space is considerably higher (129
compared to �38 for YaleB), which results in poor performance
of MPCA-ML in these datasets. We also note the high testing time
required for this method. To further study the behavior of ALS we
experimented on Extended YaleB, Weizmann and PEAL dataset, by
initializing person-space variable up with the expected solution,
i.e. the known person-space representation of the test person. The
intent is to find the performance of MPCA-ML when theALS gets
closer to the global minima. This accuracies are shown in brackets
in the MPCA-ML columns of Tables 4–6. We observe the recogni-
tion for this case goes closer to the best recognition rate as ob-
tained from MPCA-JS and MPCA-PS. Therefore, establishing our
viewpoint that the poor performance of MPCA-ML is actually the
result of the poor behavior of ALS and not the way the problem is
formulated.

From the above discussion we can conclude that the approaches
MPCA-LV and MPCA-ML with ALS as the optimization solver is not
suitable for any practical deployments. A possible further research
can be envisioned to discover a better optimization routine than ALS
and investigate the performance of MPCA-ML in that setting. How-
ever, within our realm of study it appears that any possible practical
tensor based face recognition application may be built around either
MPCA-JS or MPCA-PS on a case by case basis. Whilst in absolute term
it is not possible to predict superior recognition performance of one
above the other, we can state that on an average case MPCA-PS will
provide acceptable accuracy at the least test time, making it a better
candidate than the other.
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Table 4
Experimental results for Extended YaleB dataset with lighting + viewpoint variation.

Recognition method

PCA MPCA-ML MPCA-LV MPCA-JS MPCA-PS PCA + LDA PCA + LPP

Accuracy (%) 67.48 75.95 (79.77) 49.89 84.20 85.03 85.03 84.30
Test time (s) 1.78 283.54 1.51 10.54 0.79 1.23 1.64

Test time is for 100 test images.

Table 5
Experimental results for Weizmann database with lighting+viewpoint variation.

Recognition method

PCA MPCA-ML MPCA-LV MPCA-JS MPCA-PS PCA + LDA PCA + LPP

Accuracy (%) 86.71 84.52 (86.31) 69.64 77.18 98.21 97.82 91.67
Test time (s) 0.20 40.38 0.20 0.53 0.12 0.12 0.20

Test time is for 100 test images.

Table 6
Experimental results for PEAL lighting variation dataset.

Recognition method

PCA MPCA-ML MPCA-LV MPCA-JS MPCA-PS PCA + LDA PCA + LPP

Accuracy (%) 74.79 74.04 (83.08) 75.10 92.79 87.79 89.89 88.94
Test time (s) 2.45 445.01 1.31 2.14 1.23 1.68 2.44

Test time is for 100 test images.

6. Conclusion

In this paper we unified a number of the existing tensor based
approaches for face recognition on a single optimization framework.
The major contribution of work has been the development of the
framework which is effectively a structure that enables an explicit,
non-empirical comparison of the tensor methods. This in turn has
enabled us to gain a deep understanding of the applicability of these
methods to different face recognition tasks. From our analysis, we
have determined that the MPCS-PS overall is likely to produce the
best performance for all types of datasets, despite the fact that it
provides a sub-optimal solution. MPCA-JS provides an optimal so-
lution and generally produces good results but is susceptible to an
increase in the number of variations. The third approach evaluated,
MPCA-ML, is impractical when dealing with large databases. Our
observations for MPCA-ML suggest that the problem lies in the opti-
mization process which may not converge to an acceptable solution
when factor spaces are high-dimensional. The MPCA-LV approach
will, in most cases, have the worst performance overall as it is not
designed to handle unseen test conditions and therefore it is the
least preferred solution.

We have conducted an extensive testing and evaluation of these
methods with four benchmark datasets: YaleB lighting variation
dataset, Extended YaleB dataset with lighting and viewpoint varia-
tion, Weizmann dataset and PEAL dataset. The results we have ob-
tained confirm our theoretical analysis of the methods. Specifically,
MPCA-LV performed poorly in all the experiments as recognition was
always performed with at least one unseen mode (i.e. either light-
ing or viewpoint or both unseen). MPCA-ML gave good performance
on YaleB lighting variation dataset as this is a small dataset with
only one mode of variation (i.e. lighting), however, performance de-
teriorated considerably for other datasets which have either a large
number of persons or a higher number of varying modes. In gen-
eral, MPCA-JS showed good performance when number of varying
modes is small, but fared badly on the Weizamann dataset as it
has three varying modes (i.e. lighting, viewpoint and expression).
Overall MPCA-PS provided good and consistent recognition accuracy.

Its performance was often better than the leading face recognition
methods, such as LDA and LPP. Moreover, it takes the least testing
time among all the methods compared. Therefore, in our opinion,
the MPCA-PS approach makes a competent candidate for use in real-
world face recognition applications.

Future work may involve investigating more effective and effi-
cient optimization routine for the MPCA-ML method and more rig-
orous validation of the MPCA-PS approach over larger and complex
databases. Also, this method can be tried over face images taken
with different types of sensor such as near-infrared sensors as dis-
cussed in [10]. We also envisage that any future development of ten-
sor based approach for different types of face recognition problem
will benefit from the framework presented in our paper and may
eventually further research interest in this direction.
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Appendix A. Proof of Theorem 1

Proof. Let us start with the definition of Ã,
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Let
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P × Ã (A.2)
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is the image of kth actual person

at k1th eigenlighting and k2th eigenviewpoint.
Let

D1 = CP × Ã (A.4)

then substituting CP from (23)
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Following a similar derivation
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and finally,

D3 = CV × D2 =
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The structure of D3 is such that the image IPip Lil Viv
can be found at

(Np × Nl × (iv − 1) + Np × (il − 1) + ip)th row of D3 (A.8)

Now,

D3 = CV × D2

= CV × CL × D1

= CV × CL × CP × Ã

= M× Ã

⇒ M= D3 × Ã
+

(+implies pseudoinverse) (A.9)

If mk is the kth row of M and if

k = Np × Nl × (iv − 1) + Np × (il − 1) + ip (A.10)

then,

mk = kth row of D3 × Ã
+

= IPip Lil Viv
× Ã

+
(A.11)

Solving (A.10) for ip, il and iv we obtain, ip = ((k − 1)modNp + 1),
il = ((�k/Np
 − 1)modNl + 1) and iv = (�k/(Np × Nl)
). �
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